Recently it was conjectured that a certain infinite-dimensional "diagonal" subgroup of BMS supertranslations acting on past and future null infinity (I − and I + ) is an exact symmetry of the quantum gravity S-matrix, and an associated Ward identity was derived. In this paper we show that this supertranslation Ward identity is precisely equivalent to Weinberg's soft graviton theorem. Along the way we construct the canonical generators of supertranslations at I ± , including the relevant soft graviton contributions. Boundary conditions at the past and future of I ± and a correspondingly modified Dirac bracket are required. The soft gravitons enter as boundary modes and are manifestly the Goldstone bosons of spontaneously broken supertranslation invariance.
Introduction
Weinberg's soft graviton theorem [1] is a universal formula relating any S-matrix element in any quantum theory including gravity to a second S-matrix element which differs only by the addition of a graviton whose four-momentum is taken to zero. Remarkably, the formula is blind to the spin or any other quantum numbers of the asymptotic particles involved in the S-matrix element.
It is often the case that universal formulae are explained by symmetries. Recently [2] , it was conjectured that the quantum gravity S-matrix has an exact symmetry given by a certain infinitedimensional "diagonal" subgroup of the asymptotic supertranslation symmetries of Bondi, van der Burg, Metzner and Sachs (BMS) [3] . In this paper, we show that the universal soft graviton theorem of [1] is simply the Ward identity following from the diagonal BMS supertranslation symmetry of [2] .
Put another way, it turns out that the deep discoveries made a half century ago about the structure of Minkowski scattering in theories with gravity by Weinberg and by BMS are equivalent, albeit phrased in very different languages.
The Ward identities following from the diagonal BMS supertranslations were expressed in [2] in terms of data at null infinity, namely the Bondi news representing gravitational radiation together with certain infrared modes. These are described in terms of their retarded times and positions on the asymptotic conformal sphere. The soft graviton theorem on the other hand is described [1] in terms of the scattering of momentum-space plane waves. The demonstration of this paper consists largely in transforming between these two different descriptions.
In the course of our demonstration it is necessary to carefully define the physical phase spaces Γ ± of gravitational modes at past and future null infinity (I − and I + ). Γ ± must include, in addition to the Bondi news, all soft graviton degrees of freedom which do not decouple from the S-matrix. The latter we argue are constrained by boundary conditions at the boundaries of I ± .
The soft modes can be viewed as living on these boundaries, and the boundary conditions reduce their number by a crucial factor of 2. The reduced space of modes may then be identified (from their transformation law) as nothing but the Goldstone modes of spontaneously broken supertranslation invariance. The relevant physical phase spaces Γ ± become simply the usual radiative modes plus the Goldstone modes. 1 The boundary constraint entails a modification of the naive Dirac bracket. After this modification canonical expressions for T ± are given which generate supertranslations on all of Γ ± . While there has been much discussion of T ± over the decades, the construction of generators which act properly on the infrared as well as radiative modes is new.
This paper is organized as follows. In section 2 we present the full I ± phase spaces Γ ± (including the boundary condition), present the Dirac brackets and supertranslation generators T ± and identify the soft gravitons as Goldstone modes. Section 3 reviews the proposed relation [2] between I + and I − near where they meet at spatial infinity, together with the diagonal supertranslations which preserve this relation and provide a symmetry of the S-matrix. Section 4 reviews the soft graviton theorem [1] . Section 5 describes the transformation between the asymptotic description of section 3
and the momentum space description of section 4. In section 6 we show that Weinberg's soft graviton theorem is the Ward identity following from diagonal supertranslation invariance.
We mainly consider only the case of pure gravity but expect the inclusion of massless matter or gauge fields to be straightforward. New elements may arise in theories which do not revert to the vacuum in the far past and future. We expect that parallel results apply to the gauge theory case [4] .
Related results are in [5] .
Supertranslation generators
In this section we construct the physical phase space, the symplectic form (or equivalently the Dirac bracket) and the canonical generators of supertranslations at I ± .
Asymptotic vector fields
We consider asymptotically flat geometries in the finite neighborhood of Minkowski space defined in [6] and referred to in [2] as CK spaces. These have a large-r weak-field expansion near future null infinity (I + ) in retarded Bondi coordinates (see [7] for details)
where
2)
The retarded time u parameterizes the null generators of I + and (z,z) parameterize the conformal S 2 . The Bondi mass aspect m B and C zz depend on (u, z,z), γ zz = 2 (1+zz) 2 is the round metric on unit S 2 and D z is the γ-covariant derivative. Near past null infinity I − , CK spaces have a similar expansion in advanced Bondi coordinates
We denote the future (past) of I + by I . These comprise the boundary of I (I + + I − ). We also define the outgoing and incoming Bondi news by
BMS + transformations [3] are defined as the subgroup of diffeomorphisms which act nontrivially on the radiative data at I + . These include the familiar Lorentz transformations and supertranslations. The latter are generated by the infinite family of vector fields
for any function f (z,z) on the S 2 . BMS + acts on C zz according to
Similarly BMS − transformations act on I − and contain the supertranslations parameterized by
Dirac brackets on I
The Dirac bracket on the radiative modes (the non-zero modes of the Bondi news) at I + was found in [9] {Nzz(u, z,z),
where G is Newton's constant. The generator of BMS + supertranslations on these modes is [7, 9] 
where in the second line we have used the constraints and assumed no matter fields.
Of course BMS + transformations acting on the radiative modes alone do not comprise an asymptotic symmetry. One must act on a larger phase space Γ + including some non-radiative modes. The obvious guess is to identify this larger space with that parametrized by C zz itself, and define a bracket for all (u, u ) by integrating (2.10) to
where Θ(x) = sign(x). However if we use this we find, perhaps surprisingly,
The inhomogeneous term is off by a factor of 2. So clearly either the bracket (2.12) or the generator (2.11) is incorrect. This problem does not seem to have been addressed in the literature.
Here we solve this problem by motivating and imposing boundary conditions on C zz at the boundaries of I + , and incorporating this boundary constraint into a modified Dirac bracket. Since the constraints apply only to the boundary degree of freedom, (2.12) will be unaltered unless either u or u is on the boundary. However this will turn out to give us exactly the missing factor of 2 in (2.13)! The supertranslation invariant boundary conditions are
14)
Equivalently the first condition may be written
This reduces the boundary degrees of freedom by a factor of two. It has a coordinate invariant expression in terms of the component of the Weyl tensor sometimes referred to as the magnetic mass aspect:
There are two related motivations for this constraint besides the fact that it (as we will see momentarily) leads to a proper action of T + . First, the boundary condition (2.14) is obeyed by CK spaces [6] . Second, operator insertions of ∂ z Uz]
and ∂zU z ]
correspond to soft gravitons and have non-vanishing S-matrix elements (due to Weinberg poles) even though they are pure gauge.
Therefore they must be retained as part of the physical phase space. However these poles cancel in the difference ∂ z Uz]
. Hence this combination decouples from all S-matrix elements and should not be part of the physical phase space. Our constraint (2.14) projects out these fully decoupled modes.
The general solution of the constraints (2.16) can be expressed
where the boundary fields C, N are real. We may then take as our coordinates on phase space the boundary and bulk fields
The arguments u of the bulk fields terms are restricted to non-boundary (i.e. finite) values only. The bulk-bulk Dirac brackets remain (2.12). A priori it is not obvious how one extends the bulk-bulk bracket (or equivalently the symplectic form) over all of Γ + . We do so by first imposing (2.19) as a relation between bulk-bulk and bulk-boundary brackets in the form
and then constraining the boundary-boundary bracket by continuity in the form
The non-zero Dirac brackets following from the boundary constraints (2.15), (2.16) are then uniquely determined as
where u, u are not on the boundary and
S is the sine-squared of the angle between z and w on the sphere and obeys
= 0 can be solved by have an interesting interpretation as the spatial and temporal position of the geometry. 4 We note but do not pursue herein the interesting appearance of logarithms related to the four C and N zero modes. These are projected out by acting with D
The coordinates on the phase space at I − can then be taken as
where v is not on the boundary. The non-zero Dirac brackets are 
Canonical generators
The supertranslation generator may now be written in terms of bulk and boundary fields as
where the integral over infinite u in the first term is the Cauchy principal value. Using the brackets (2.23) one finds
as desired.
Similarly on I − ,
and C as the Goldstone mode associated with this symmetry breaking. It is conjugate to the soft graviton zero mode N .
In conclusion the construction of a generator of supertranslations on I ± is possible but subtle and requires a careful analysis of the zero mode structure and boundary conditions on the boundaries of I ± .
Supertranslation invariance of the S-matrix
In this section we summarize the supertranslation invariance of the S-matrix conjectured in [2] as well as the associated Ward identity.
The first step is to understand how I + and I − may be linked near spatial infinity. In the conformal compactification of asymptotically flat spaces, the sphere at spatial infinity is the boundary 
or equivalently
In [2] it was conjectured that the "diagonal" subgroup of BMS + ×BMS − which preserves the continuity condition (3.1) is an exact symmetry of both classical gravitational scattering and the quantum gravity S-matrix. The diagonal supertranslation generators are those which are constant on the null generators of I , i.e.
The conjecture states that S-matrix obeys
A Ward identity is then derived by taking the matrix elements of (3.4) between states with n incoming (m outgoing) particles at z , it was shown that the matrix element of (3.4) between such states implies
where the : : denotes time-ordering and the "soft graviton current" is defined by
Since P z involves zero-frequency integrals over I ± it creates and annihilates soft gravitons with a certain z-dependent wave function. The supertranslation Ward identity (3.6) relates S-matrix elements with and without insertions of the soft graviton current. It can also easily be seen [2] that (3.6) implies the general Ward identities following from (3.4) for an arbitrary function f (z,z).
The soft graviton theorem
In this section, we specify our conventions and briefly review Weinberg's derivation of the soft graviton theorem for the simplest case of a free massless scalar. For more details and general spin see [1] .
Einstein gravity coupled to a free massless scalar is described by the action
where κ 2 = 32πG. In the weak field perturbation expansion g µν = η µν +κh µν and the relevant leading terms are
In harmonic gauge
∂ ν h the Feynman rules take the form (see [10] )
Now, consider an on-shell amplitude involving n incoming (with momenta p 1 , · · · , p n ) and m outgoing (with momenta p 1 , · · · , p m ) massless scalars represented by the diagram
Consider the same amplitude with an additional outgoing soft graviton of momentum q and polarization ε µν (q) satisfying the gauge condition q µ ε µν = 1 2 q ν ε µ µ . The dominant diagrams in the soft q → 0 limit are
Additional diagrams with the external graviton attached to internal lines cannot develop soft poles [1] .
The contribution of these diagrams to the near-soft amplitude is
The soft graviton theorem is the leading term in q-expansion:
where q → 0. While we reviewed the derivation here for a massless scalar, note that the prefactor in square brackets is a universal soft factor and does not depend on the spin of the matter particles.
Moreover the expression is actually gauge invariant. Under a gauge transformation δε
by momentum conservation. Hence (4.7) is valid in any gauge.
From momentum to asymptotic position space
The supertranslation Ward identity (3.6) is expressed in terms of field operator P z integrated along fixed-angle null generators of I . Weinberg's soft graviton theorem (4.6) is expressed in terms of momentum eigenmodes of the field operators. In this section, in order to compare the two, we transform the field operator between these two bases.
Momentum eigenmodes in Minkowski space are usually described in the flat coordinates
These flat coordinates are related to the retarded coordinates (2.1) by the transformation t = u + r,
At late times and large r the wave packet for a massless particle with spatial momentum centered around p becomes localized on the conformal sphere near the point
where p · p = ω 2 . Hence, the momentum of massless particles may be equivalently characterized by
At late times t → ∞ the gravitational field becomes free and can be approximated by the mode
where q 0 = ω q = | q|, α = ± are the two helicities and
The outgoing gravitons with momentum q and polarization α as in the amplitude (4.6) correspond to final-state insertions of a out α ( q). Let us now take (ω q , w,w) to parameterize the graviton four-momentum
The polarization tensors may be written ε ±µν = ε ±µ ε ±ν with
These obey ε ±µν q ν = ε ±µ µ = 0 and
In retarded Bondi coordinates, it follows from (2.1) that on I
Using h zz = ∂ z x µ ∂ z x ν h µν and the mode expansion (5.4), we find
where θ is the angle between x and q. The integrand oscillates rapidly at large r with stationary points at θ = 0, π. The stationary phase approximation to the integral over the momentum-space sphere then gives
where the contribution from the θ = π stationary point vanishes in the large r limit. Defining
and using (5.11), we find
When ω > 0 (ω < 0), only the first (second) term contributes and we find
where we have taken ω > 0. In the case of the zero mode, we will define it in a hermitian way
It follows that
we find for ω > 0 ω
